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Abstract—Exact evaluation of the bit- and symbol error
rates in two dimensional constellation is a fundamental problem
of digital communications which has closed-form solutions for
particular modulations and/or bits-to-symbol mapping. In this
paper we propose a general method which yields the exact results
for arbitrary modulation constellation, arbitrary bits-to-symbol
mapping and deals with the case of non-uniform signalling. These
three conditions deﬁne any digital transmission using memoryless
modulation thus, our method is a general tool solving all problems
tackled in the literature under constraints imposed on one or
more of the parameters deﬁning the modulation or signalling
type. Such evaluation tool is of practical importance during
the design of the modulation. Through numerical simulations
we illustrate the advantages offered by the new method when
compared to the bounding technique.
I. INTRODUCTION
Evaluation of symbol- or bit error rates (SER or BER) is one
of the fundamental problems in digital communications. In this
paper we address the problem of uncoded BER/SER evaluation
in memoryless modulation, which is uniquely determined by
two parameters: constellation, and labelling (or bits-to-symbol
mapping). The constellation is as a set of complex symbols
(used further to determine the amplitude and the phase of
the waveforms), and the labelling is a rule assigning binary
codeword (labels) to the symbols in the constellation.
The BER/SER depends also on the signalling, which deﬁnes
the probabilities of transmitting the particular symbol or bit.
Although signalling is not, strictly speaking, related to the
modulation, it must be considered during the performance
evaluation.
Exact calculation of BER/SER is required when modulation
is to be designed according to the criteria depending on the
system-level considerations. For example in [1] the constella-
tion set is designed to minimize the SER (note that uniform
signalling is assumed and labelling issue is ignored in [1]).
Often the design is limited to selecting the most appropri-
ate among available (pre-deﬁned) constellations. Therefore,
a considerable effort was deployed to evaluate the raw (i.e.,
uncoded) BER/SER, for the most popular constellations, e.g.
Pulse- or Quadrature Amplitude Modulation (PAM/QAM)
[2], [3], [4] or Phase Shift Keying (PSK) [5], [6], [3]. The
consideration are mostly limited to the so-called Gray labelling
(which minimizes the Hamming distance between the closest
constellation points) and uniform signalling (equiprobable
symbols in the constellation). These assumptions are quite
practical because the Gray labelling is often used indeed (it
may be proven to minimize the probability of error in QAM
and PSK [7]) and the uniform signalling is a reasonable
assumption if appropriate source coding is used.
On the other hand, the design of the labelling may be
required when iterative (turbo) decoding is targeted [8], or
when signalling is non-uniform (due to residual redundancy
after source coding) [9]; the later problem may be also
addressed through simultaneous design of constellation and
labelling [10].
Because the design involves costly iterative and/or combina-
tory search with multiple (counted in millions [9], [8]) eval-
uations of various constellations and/or mappings, a closed-
form or algorithmic estimation of BER/SER are extremely
useful eliminating the need for time-consuming simulations.
However, no efﬁcient method was proposed up to now to
evaluate exactly BER/SER when modulation’s parameters and
the signalling are arbitrarily set. Lack of such method may be
only partially palliated with bounding techniques [1], [9], [8]
because they loose precision for low value of signal-to-noise
ratio (SNR) or, equivalently, for a high value of BER/SER.
Note that this region of BER values is very interesting due
to increasing popularity of strong error-correcting codes (e.g.,
turbo codes [11]) which cope very well with poor-quality (i.e.,
high BER) input data.
This paper proposes a method to exactly evaluate the
uncoded BER/SER in arbitrary two-dimensional constellations
(complex baseband symbols) with arbitrary labelling and ar-
bitrary signalling. This is the main contribution of this paper:
all the problems of performance evaluation tackled in the
literature under constraints imposed on the constellation, the
labelling or the signalling, may be solved by the proposed
method. The merit of the method proposed in the paper is,
therefore, due to absolutely general and yet efﬁcient numerical
solution. Of course the methods developed up to now (e.g.
for QAM or PSK modulations with Gray mapping) are still
useful since they offer closed-form formulas simpler than our
approach.
The exact calculation of SER in arbitrary constellation was
shown ﬁrst in [12] where geometric consideration led to
numerical integrations over decision regions containing the
constellation symbols, however, the issue of labelling andsignalling were ignored therein. We also use a geometric
approach, however, we allow for arbitrary labelling and non-
uniform signalling; the latter requires problem re-formulation
because, unlike it was assumed in [12], the symbols do not
necessarily belong to their respective decision regions [13].
Also, in our approach numerical functions (bi-variate Gaussian
cumulative distribution function) available in public-domain
and optimized for execution speed may be used, thus, there is
no need for custom numerical integrations used in [12].
The paper is organized as follows. In Section II we introduce
the notation and present the data model. In Section III the
problem to be solved is deﬁned and the main algorithmic steps
leading to the solution are outlined. To illustrate the usefulness
of the proposed approach we compare it numerically in Section
IV with the union bound method. Conclusions are drawn in
Section V.
II. SYSTEM MODEL
Consider the system where bits y(l) gathered in codewords
of length B, y(n)=[ y(nB +1 ) ,...,y(nB + B)] ∈Bare
transformed into symbols x(n) via a memoryless and arbitrary
mapper M{·}, so that x(n)=M{y(n)}∈A , where l and
n denote, respectively, discrete times deﬁned for bits and
symbols; B = {b0,...,bM−1} is the set of all codewords,
M =2 B, and A = {a0,...,a M−1} is the modulation
constellation, i.e., ak = M{bk}.
A priori probabilities of generating codewords bk
Pr{y(n)=bk}≡Pk are assumed known and are, in general,
not equal.
The transmission outcome is given by r(n)=x(n)+η(n),
where η(n) is a zero-mean, complex, white Gaussian noise
with variance N0. Constellations considered here are zero-
mean (i.e.,
 
k Pk · ak =0 ) and power-normalized (i.e.,  
k Pk|ak|2 =1 ), the signal-to-noise ratio (SNR) per bit is
calculated as SNR = 1
B·N0.
Given the observation r(n) the receiver takes decision in
favor of the codeword labelling the constellation with highest
a posteriori probability P{y(n)=  y(n)|r(n)} which may be
re-written employing the Bayes’ rule
  y(n) = argmax
b∈B
{ p(r(n)|x(n)=M{b})Pr{y(n)=b}} .
(1)
The transmitted symbols are estimated as   x(n)=M{  y(n)}.
Alternatively (1) may be written as
  y(n)=bk if r(n) ∈ Zk, (2)
where Zk is the decision region corresponding to the sym-
bol M{bk}. Knowing that η(n) is Gaussian, i.e. p(r|x)=
1
πN0 exp
 
−
|r−x|
2
N0
 
, the region is deﬁned as [14, Ch. 2.2]
Zk ={r : |r − ak|2 − ln(Pk)N0 < |r − al|2
− ln(Pl)N0,l = k,l =0 ,...,M− 1}
={r :2  [r(al − ak)∗]+|ak|2 −| al|2
− Λk,lN0 < 0,l = k,l =0 ,...,M− 1}
={r : Lk,l(r) < 0,l = k,l =0 ,...,M− 1},
(3)
where ∗ denotes conjugation, Λk,l =l n ( Pk/Pl),  [·] is
the real part, and Lk,l(r) ≡  [rc∗
k,l]+dk,l is the linear
form of r with coefﬁcients ck,l = al − ak and dk,l =
1
2
 
|ak|2 −| al|2 − Λk,lN0
 
. Thus, the decision region Zk is a
convex polygon deﬁned through the decision lines Lk,l(r)=0
between symbols al and the symbol ak.
In the following we will also use the symbol Lk,l (i.e.,
without argument r ) to denote a set of parameters {ck,l,d k,l}.
For example, we may write V(Lk,l)={r : Lk,l(r) < 0},
which means that the region (in the complex plane) V(Lk,l)
is a half-plane limited by the line Lk,l(r)=0 . For convenience
we deﬁne also the notation Lk,l = {−ck,l,−dk,l}.
III. BER/SER EVALUATION
Errors occur during a transmission if the received signal
r(n) falls into the region Zl, while sending the codeword bk,
i.e., x(n)=M{bk}, l  = k. The number of bits in error due to
this event equals to the Hamming distance dH(bk,bl) between
bk and bl. Therefore, averaging over the possible transmission
of codewords b gives the following expression for the average
BER
BER =
M−1  
k=0
M−1  
l=0
l =k
dH(bk,bl)
B
Pr{r(n) ∈ Zl|x(n)=ak}Pk.
(4)
Removing
dH(bk,bl)
B from (4) results in the required expres-
sion for SER because each erroneous decision provokes one
symbol error, therefore, the SER and BER may be obtained
if we are able to calculate Pr{r(n) ∈ Zl|x(n)=ak}. Subse-
quent developments are focused on an exact calculation of the
latter.
Noting that Zl ⊂{ r : Ll,k(r) ≤ 0}, the probability of
sending ak and detecting al is bounded by probability of r(n)
crossing the decision line Ll,k(r)=0separating ak from al
Pr{r(n) ∈ Zl|x(n)=ak} < Pr{Ll,k(r(n)) < 0|x(n)=ak}
= Q
 
Ll,k(ak)
|cl,k|
 
N0/2
 
, (5)
where Q(t)= 1 √
2π
  ∞
t exp(−τ
2
2 )dτ.
Therefore, the upper bound for the BER is given by
BER ≤
M−1  
k=0
M−1  
l=0
l =k
dH(bk,bl)
B
Q
 
Ll,k(ak)
|cl,k|
 
N0/2
 
Pk, (6)
and for the SER by
SER ≤
M−1  
k=0
M−1  
l=0
l =k
Q
 
Ll,k(ak)
|cl,k|
 
N0/2
 
Pk. (7)
Note that for uniform signalling (i.e., Pk = 1
M,k =
0,...,M − 1), the argument of the function Q(·) in (7) is
|ak − al|/
√
2N0, i.e., (7) becomes the familiar union bound
[15, Ch. 4.3.2]. Therefore, we will use this name to denote
both (6) and (7).￿￿
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Fig. 1. Wedges W(Ll,p,Ll,q) (shaded) and W(Ll,p,Ll,q) (hashed) in the
complex plane deﬁned by the lines Ll,p(r)=0and Ll,q(r)=0 .
Once the decision regions are found (cf. Section III-A),
an efﬁcient and simple method to calculate the probability
Pr{r(n) ∈ Zl|x(n)=ak} is required. With this objective
in mind, we propose to represent the decision plane as a
union of the decision region and of disjoint inﬁnite wedges
W(Ll,p,Ll,q) deﬁned through an intersection of two half-
planes,
W(Ll,p,Ll,q) ≡{ r : Ll,p(r) ≤ 0}
 
{r : Ll,q(r) ≤ 0} (8)
as shown in Fig. 1. In a similar way we may write
W(Ll,p,Ll,q)={r : Ll,p(r) ≤ 0}
 
{r : Ll,q(r) ≥ 0}, (9)
which is a consequence of the deﬁnition of Ll,q, cf. Section
II. Such ”complementary” wedge is shown in Fig.1.
The probability of r(n) falling into the wedge is given by
Pr{r(n) ∈ W(Ll,p,Ll,q)|x(n)=ak}
=P r {Ll,p(r(n)) ≤ 0 ∧L l,q(r(n)) ≤ 0|x(n)=ak}. (10)
Because r(n) is Gaussian (conditioned on x(n)=ak),
its linear forms Ll,p(r(n)) and Ll,q(r(n)) are also Gaussian,
and transforming them to be of zero-mean, unitary variance
and considering their mutual correlation gives the following
expression for (10)
Pr{r(n) ∈ W(Ll,p,Ll,q)|x(n)=ak}≡h(Ll,p,Ll,q;ak)
=Ψ
 
−
Ll,p(ak)
|cl,p|
 
N0/2
,−
Ll,q(ak)
|cl,q|
 
N0/2
;
 [cl,pc∗
l,q]
|cl,p||cl,q|
 
, (11)
where
Ψ(a,b;ρ)=
1
2π
 
1 − ρ2
  a
−∞
  b
−∞
e
−
v2−2vuρ+u2
2(1−ρ2) dvdu (12)
is the CDF of a bivariate normal distribution which may
efﬁciently implemented using Gauss-Hermite integration [16].
Consider now the decision region Zl being a polygon
G(Ll,p1,Ll,p2 ...,Ll,pT) deﬁned by T lines Ll,pt,t=
1,...,T. The ordering pt,t=1 ,...,T is taken so that poly-
gon’s sides related to Ll,pt are enumerated counter-clockwise,
cf. Fig. 2a. Through simple geometrical considerations we may
Ll,p1(r)=0
Ll,p2(r)=0
Ll,p3(r)=0
Ll,p4(r)=0
W(Ll,p1,Ll,p2)
a)
Ll,p1(r)=0
Ll,p2(r)=0
Ll,p3(r)=0
W(Ll,p1,Ll,p2)
b)
Ll,p(r)=0
Ll,q(r)=0
c)
Fig. 2. Example of decision regions, a) Polygon G(Ll,p1,...,Ll,p4), here
the wedge W(Ll,p1,Ll,p2) is shown as an arc; for clarity, other wedges
entering the formula (13) are marked as unlabelled arcs; these are (counter-
clockwise) W(Ll,p2,Ll,p3), W(Ll,p3,Ll,p4), and W(Ll,p1,Ll,p4).b )
”Inﬁnite” polygon G∞(Ll,p1,Ll,p3,Ll,p3); only two wedges are necessary
in this cases, and they are identical to those shown in a); c) Inﬁnite stripe
deﬁned by lines Ll,p(r)=0 , Ll,q(r)=0 .
write
G(Ll,p1,...,Ll,pT)
 
 
T−1  
t=2
W(Ll,pt,Ll,pt+1)
 
= W(Ll,p1,Ll,p2)
 
W(Ll,p1,Ll,pT), (13)
where
 
denotes addition of sets.
Since all sets on the left-hand side (LHS) of (13) are disjoint
[as they are also for the right-hand side (RHS) of (13)],
probability of falling into the region deﬁned by RHS/LHS
of (13) is the sum of probabilities of falling into each of its
constituents sets (i.e. the wedges W or the polygon G). Then,
applying (11) in (13), the probability of r(n) falling into the
polygon G may be found as
Pr{r(n) ∈ G(Ll,p1,...,Ll,pT)|x(n)=ak}
= h(Ll,p1,Ll,p2;ak)+h(Ll,p1,Ll,pT;ak)
−
T−1  
t=2
h(Ll,pt,Ll,pt+1;ak). (14)
Note that coefﬁcients cl,q,d l,q change sign in the calculus
of h(Ll,p,Ll,q;ak) in (11).
For a decision region which extends to inﬁnity, denoted as
G∞(Ll,p1,...,Ll,pT), cf. Fig. 2b, we may write
G∞(Ll,p1,...,Ll,pT)
 
 
T−1  
t=2
W(Ll,pt,Ll,pt+1)
 
= W(Ll,p1,Ll,p2). (15)So, the probability of r(n) falling into such inﬁnite set,
Pr{r(n) ∈ G∞(Ll,p1,...,Ll,pT)|x(n)=ak} may be ob-
tained straightforwardly from (15) and (11).
For completeness, we consider also a ”degenerate” case
when the decision region is an inﬁnite stripe as shown in
Fig. 2c, deﬁned by Ll,p(r) ≤ 0 and Ll,q(r) ≤ 0. Such
case may be found, e.g., in one-dimensional constellations. As
both lines are parallel, the bivariate CDF cannot be calculated
because |ρ| =1so the expression (12) is not deﬁned. Then,
the probability of falling into such region is given by
Pr{Ll,p(r(n)) ≤ 0|x(n)=ak}−Pr{Ll,q(r(n)) ≥ 0|x(n)=ak}
= Q
 
Ll,p(ak)
|cl,p|
 
N0/2
 
− Q
 
−
Ll,q(ak)
|cl,q|
 
N0/2
 
. (16)
Using the above developments we are ready to evaluate the
BER/SER; however, ﬁrst, the decision regions must be found.
A. Finding Decision Regions
For lack of space we only deﬁne the problem and refer users
to the literature. We reformulate M − 1 linear inequalities
Lk,l(r) ≤ 0,l =0 ,...,M − 1,l  = k deﬁning the decision
region Zk , cf. (3), as
Zk = {r : Ckx ≤− dk}, (17)
where x =[  [r], [r]]T,  [·] denotes the imaginary part, T
vector transpose, and
Ck =

    


 [ck,0]  [ck,0]
... ...
 [ck,k−1]  [ck,k−1]
 [ck,k+1]  [ck,k+1]
... ...
 [ck,M−1]  [ck,M−1]

    


,dk =

    


dk,0
...
dk,k−1
dk,k+1
...
dk,M−1

    


.
(18)
Note that to integrate over the region Zk we need to remove
the redundant inequalities in (17), so that the remaining T
inequalities Lk,pt(r) ≤ 0,t =1 ,...,T deﬁne the polygon’s
Zk sides. This is a problem of computational geometry and to
solve we can use established approach [17, Sec. 2.21].
If one wants to graphically represent the decision regions
(as we did in the next section for illustration purpose only) the
vertices of the polygons have to be found as well. This vertex
enumeration problem is also treated in computation geometry,
e.g. [18].
IV. NUMERICAL EXAMPLES
We compare the developed expression and the union bound
(6) with the results obtained through numerical simulations of
the digital transmission of 6 · 106 bits y(l).
As an example we consider constellation A = ξ{(±1±)−
µ,±(1+
√
3)−µ,±(1+
√
3)−µ} with M =8symbols shown
in Fig. 3a. The set A is known to be a minimum energy eight-
points constellation maximizing minimum squared Euclidean
distance between constellation points [19, Ch. 5.2.9]. Parame-
ters ξ and µ are calculated to normalize the constellation power
and to remove the mean. The labelling is shown in binary
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Fig. 3. a) Constellation shown with ﬁlled circles, labelling given in
square brackets and decision regions’s vertices marked as hollow squares,
b) BER/SER results obtained for uniform signallaing through the proposed
method (Exact), Simulations and Union Bounds (6) (7).
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Fig. 4. a) Constellation shown with ﬁlled circles, labelling is the same as in
Fig. 3; decision regions (vertices marked as hollow squares) are obtained for
SNR=-4dB, b) BER/SER results obtained for non-uniform signalling with
P(1) =0 .2 through the proposed method (Exact), Simulations and Union
Bounds (6) (7).
format and the symbols/codeword are indexed according to
the labelling, i.e., ak = M{bk},k=
 B
i=1 2B−i · bk,i, where
bk,i is the i-th bit of the codeword bk =[ bk,1,...,b k,B].
The decision regions shown in Fig. 3a correspond to uni-
form signalling (i.e., Pk = 1
M,k =0 ,...,M− 1), so they
are independent of the noise level N0, because Λk,l =0in
(4).
In Fig. 3b the comparison between the estimated and simu-
lated BER/SER is shown. The proposed method gives a perfect
match for all range of SNR. The union-bound overestimates
signiﬁcantly the results for low SNR while, as expected, it
becomes tight for high SNR.
Next, consider non-uniform signalling, which is deﬁned
through unequal probabilities of sending ones P(1) =
P{y(l)=1 } and zeros P(0) =1 − P(1) so, assuming
independence between bits y(l), the symbol probability is
calculated as Pk =
 B
i=1 P(bk,i); for the sake of example
we chose P(1) =0 .2. The constants µ and ξ are appropriately
calculated so the constellation is not centered on the origin, as
shown in Fig. 4a, where also we may observe the form of the
decision regions deﬁned for SNR=-4dB. Note that, unlike in
case of uniform signalling, the terms Λk,l are different from
zero so the shapes of the decision regions depend not only onthe constellation A but also on the value of SNR. We may see
that the symmetry of the forms of the decision regions is lost
and they have irregular shapes.
Observe as well that a) the symbol do not need to lie inside
its decision regions [in fact, only the symbol a0 lies inside
its decision region], b) the region may contain more than one
symbol, and c) the region may be an empty set (e.g., Z3 =
∅) which means that its corresponding symbol will never be
detected. The latter happens for signiﬁcant noise value when
the decisions are strongly affected by the a priori information;
in the example, probability P3 of generating the symbol al is
small while P0 is large so Z0 becomes the largest decision
region ”taking over” the region Z3.
Again, in Fig. 4b we compare the results of simulations and
analytical evaluation and we observe that the proposed method
predicts the simulations exactly while the union bound gives
poor estimation for low SNR.
To terminate, in Fig. 5 we contrast the simulation results
obtained in 64QAM modulation with Gray labelling, and non-
uniform signalling P(1) =0 .2. We note that discrepancy
between simulations and the union bound is much higher in
this case due to the increased number of terms in the RHS of
(6). We do not show the decision regions as it would generate
an overcrowded graph.
For more numerical results obtained in dif-
ferent constellation, mappings, and signalling
scenarios we refer the reader to [20] available at
http://externe.emt.inrs.ca/users/leszek/BER SER.html. At
the same location the reader will ﬁnd the matlab programs
implementing the proposed performance evaluation technique.
The computation is fully automated and based solely on the
model deﬁned in Section II.
V. CONCLUSIONS
This paper presents a method for exact calculation of the
uncoded BER/SER. The method is based on the decomposition
of the observation space into decision regions with polygonal
shapes, over which, the Gaussian pdf may be efﬁciently
integrated. The proposed method deals with any constellation,
labelling and allows for non-uniform signalling thus it is a
perfect tool to solve, in a uniform manner, all the uncoded
performance evaluation problems addressed up to now in the
literature.
Through numerical examples we show that the proposed
method perfectly predict the results of simulations, and sig-
niﬁcantly outperforms the union-bound, particularly for con-
stellation with large number of symbols.
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Fig. 5. Results obtained through the proposed method (Exact), Simulations
and Union Bounds (6),(7), for 64QAM constellation, with Gray labelling, and
non-uniform signaling P (1) =0 .2.